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2±6 6HSWHPEHU  %RUGHDX[ )UDQFH
$ PXOWLVFDOH FRXSOLQJ PHWKRG WR VLPXODWH WKH VLOLFD JODVV EHKDYLRU XQGHU
KLJK SUHVVXUHV
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E $UWV HW 0HWLHUV 3DULV7HFK ,0 805  &156 ) 7DOHQFH )UDQFH
∗PRKDPHGMHEDKL#XERUGHDX[IU
$EVWUDFW 7KH UHVSRQVH RI JODVVHV VXEMHFWHG WR KLJK SUHVVXUHV FDQ EH FODVVLI HG LQWR WKUHH FODVVHV  QRUPDO DQRPD
ORXV DQG LQWHUPHGLDWH GHSHQGLQJ RQ WKH GHIRUPDWLRQ PHFKDQLVP DQG WKH FUDFNLQJ SDWWHUQ 7KH VLOLFD JODVV ZKLFK LV
WKH VFRSH RI WKLV ZRUN LV D W\SLFDO DQRPDORXV JODVV 7KH QXPHULFDO VWXG\ RI WKLV EHKDYLRU ZLWK FRQWLQXXP PHWKRGV
HJ )(0 &1(0 SUHVHQWV VHYHUDO GLII FXOWLHV DQG GUDZEDFNV %HFDXVH WKLV UHTXLUHV D YHU\ VPDOO VFDOH DQDO\VLV
7KH GLVFUHWH PHWKRGV HJ 0' '(0 UHSUHVHQW D JRRG FKRLFH WR VLPXODWH WKLV EHKDYLRU +RZHYHU WKHVH PHWKRGV
DUH YHU\ WLPH FRQVXPLQJ &38ZLVH ,Q WKLV ZRUN D GLVFUHWHFRQWLQXXP FRXSOLQJ PHWKRG LV SURSRVHG WR VWXG\ WKH
EHKDYLRU RI WKLV EULWWOH PDWHULDO VXEMHFWHG WR KLJK SUHVVXUHV 7KH FRXSOLQJ UHVXOWV REWDLQHG LQ WKLV ZRUN FRPSDUH
IDYRUDEO\ ZLWK SDVW H[SHULPHQWDO UHVXOWV
.H\ZRUGV &RXSOLQJ  VLOLFD 9LFNHUV LQGHQWDWLRQ
 ,1752'8&7,21
7KH GLVFUHWH HOHPHQW PHWKRG '(0 >@ SUHVHQWV DQ DOWHUQDWLYH ZD\ WR VWXG\ SK\VLFDO SKHQRPHQD UHTXLULQJ D YHU\
VPDOO VFDOH DQDO\VLV RU WKRVH ZKLFK FDQQRW EH HDVLO\ WUHDWHG E\ FRQWLQXXP PHFKDQLFV VXFK DV ZHDU IUDFWXUH DQG
DEUDVLRQ SUREOHPV ,Q WKH SDVW GHFDGHV DQ LQFUHDVLQJ LQWHUHVW LQ WKH GLVFUHWH HOHPHQW PHWKRG KDV OHG WR WKH GHYHO
RSPHQW RI PDQ\ LQWHUHVWLQJ YDULDWLRQV RI WKLV PHWKRG 7KH PRVW UHFHQW YDULDWLRQ LQYROYHV PRGHOOLQJ WKH LQWHUDFWLRQ
EHWZHHQ SDUWLFOHV E\ FRKHVLYH EHDPV >@ 7KLV PHWKRG FRUUHFWO\ VLPXODWHV WKH ' OLQHDU HODVWLF EHKDYLRU RI WKH
FRQWLQXD +RZHYHU QXPHULFDO VLPXODWLRQV DUH YHU\ WLPH FRQVXPLQJ &38ZLVH )XUWKHUPRUH D YHU\ JUHDW QXPEHU
RI SDUWLFOHV DUH UHTXLUHG WR GLVFUHWL]H VPDOO GRPDLQV 7KLV PHWKRG GRHV QRW FRQVLGHU ODUJH VWUXFWXUH VLPXODWLRQV
+RZHYHU LQ PRVW VLWXDWLRQV WKH HIIHFWV WKDW PXVW EH FDSWXUHG E\ '(0 DUH ORFDOL]HG LQ D VPDOO SRUWLRQ RI WKH VWXGLHG
GRPDLQ 7KXV WKH XVH RI D VSHFLI F PXOWLVFDOH PHWKRG WR WUHDW WKH SKHQRPHQD DW HDFK VFDOH DSSHDUV WR EH DGYDQWD
JHRXV ,Q WKLV ZRUN D GLVFUHWHFRQWLQXXP FRXSOLQJ PHWKRG EHWZHHQ WKH GLVFUHWH HOHPHQW PHWKRG '(0 >@ DQG WKH
FRQVWUDLQHG QDWXUDO HOHPHQW PHWKRG &1(0 >@ LV SURSRVHG IRU G\QDPLF VLPXODWLRQV 7KLV FRXSOLQJ PHWKRG LV WKHQ
DSSOLHG WR VWXG\ WKH 9LFNHUV LQGHQWDWLRQ DQG WKH ODVHU LQGXFHG GDPDJH LQ VLOLFD JODVV &RPSDUHG ZLWK H[SHULPHQWDO
UHVXOWV JRRG QXPHULFDO UHVXOWV DUH REWDLQHG
 '(0&1(0 &283/,1*
7KH FRXSOLQJ PHWKRG GHYHORSHG LQ WKLV ZRUN LV EDVHG RQ WKH $UOHTXLQ DSSURDFK >@ ZKLFK JLYHV D I H[LEOH IUDPHZRUN
WR FRXSOH GLVVLPLODU PHWKRGV 7KLV DSSURDFK FRQVLVWV RI 
 $ VXSHUSRVLWLRQ RI PHFKDQLFDO VWDWHV LQ WKH JLYHQ VXEGRPDLQV ΩC DQG Ωd ZLWK DQ RYHUODSSLQJ ]RQH ΩO )LJ

 $ ZHDN FRXSOLQJ EDVHG RQ WKH ZHDN IRUPXODWLRQ
D 'HI QLWLRQ RI WKH JOXLQJ ]RQH ΩG
 0 -HEDKL HW DO | <RXQJ ,QYHVWLJDWRUV &RQIHUHQFH 
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([DPSOH RI ZHLJKW IXQFWLRQV
&RQWLQXXP VXEGRPDLQ 2YHUODSSLQJ ]RQH 'LVFUHWH VXEGRPDLQ
)LJXUH  *OREDO GRPDLQ GHFRPSRVLWLRQ
,Q WKLV VWXG\ WKH JOXLQJ ]RQH ΩG LV WKH VDPH DV WKH RYHUODSSLQJ ]RQH ΩO  +HUHDIWHU WKH WHUP ³RYHUODS
SLQJ ]RQH´ ZLOO EH XVHG WR GHVLJQ WKH RYHUODSSLQJ ]RQH RU WKH JOXLQJ ]RQH
E 0HGLDWRU VSDFHM
7R HQVXUH WKH FRUUHFW GLDORJXH EHWZHHQ WKH PRGHOV WKH FRQWURO TXDQWLWLHV LQ WKH RYHUODSSLQJ ]RQH PXVW
EH FKRVHQ FDUHIXOO\ +HUH WKH YHORFLW\ FRXSOLQJ LQ D ZHDN VHQVH LQ ΩO LV FKRVHQ 7KH PHGLDWRU VSDFH
GHQRWHG E\M LV GHI QHG DV WKH VSDFH RI WKH YHORFLWLHV GHI QHG LQ ΩO
F 3URMHFWLRQ RSHUDWRU DQG MXQFWLRQ PRGHO
7KH SURMHFWLRQ RSHUDWRU Π SURMHFWV WKH FRQWLQXXP DQG GLVFUHWH YHORFLWLHV RQ WKH PHGLDWRU VSDFH 7KH
MXQFWLRQ PRGHO GHI QHV WKH OLQNLQJ FRQGLWLRQV EHWZHHQ WKH WZR PRGHOV LQ WKH RYHUODSSLQJ ]RQH 7R
SURMHFW WKH YHORFLWLHV RQM DQ LQWHUSRODWLRQ ZKRVH VKDSH IXQFWLRQV ZLOO EH GHI QHG ODWHU LV XVHG 7KH
MXQFWLRQ PRGHO XVHG LQ WKLV ZRUN LV WKHH1(ΩO) VFDODU SURGXFW GHI QHG E\ (TXDWLRQ 
< λ, q >H1(ΩO)=
∫
ΩO
λ · (Πu˙−Πd˙) + l2ε(λ) : ε(Πu˙−Πd˙) dΩ 
ZKHUH (Πu˙ − Πd˙) LV WKH GLIIHUHQFH EHWZHHQ WKH SURMHFWHG FRQWLQXXP DQG GLVFUHWH YHORFLWLHV RQ ΩO λ
LV WKH /DJUDQJH PXOWLSOLHU I HOG DQG l WKH MXQFWLRQ SDUDPHWHU LV DQH1 FRXSOLQJ SDUDPHWHU ,I l = 0 WKH
H1(ΩO) VFDODU SURGXFW EHFRPHV HTXLYDOHQW WR WKH L2(ΩO) VFDODU SURGXFW  NQRZQ DV WKH /DJUDQJH
PXOWLSOLHU PRGHO
< λ,u >L2(ΩO)=
∫
ΩO
λ · (Πu˙ −Πd˙) dΩ 
7KH GLVSODFHPHQW DQG YHORFLW\ I HOGV LQ ΩC DQG Ωd GR QRW KDYH WKH VDPH QDWXUH ,QGHHG ΩC LV D
FRQWLQXXP ZKHUHDV WKH Ωd LV D GLVFUHWH VXEGRPDLQ 7KH GLVFUHWH I HOG DVVRFLDWHG ZLWK Ωd LV GHI QHG
RQO\ DW WKH SDUWLFOH SRVLWLRQV 7R EH DEOH WR FRPSXWH WKH MXQFWLRQ PRGHOV  DQG  DQ LQWHUSRODWLRQ LV
GHI QHG RQ WKH '(0 SDUWLFOHV LQ ΩO XVLQJ VKDSH IXQFWLRQV
 7KH HQHUJ\ SDUWLWLRQ EHWZHHQ WKH '(0 DQG &1(0 PHGLD LQ WKH RYHUODSSLQJ ]RQH
$V VKRZQ LQ )LJXUH  WKH WZR PRGHOV FRH[LVW LQ ΩO  7KHUHIRUH WKH HQHUJLHV LQ WKLV ]RQH PXVW EH ZHLJKWHG
DQG D NLQG RI SDUWLWLRQ RI XQLW\ LQ WHUPV RI HQHUJ\ LV SHUIRUPHG 7KUHH ZHLJKW IXQFWLRQVα(x) β(x) DQG γ(x)
DUH LQWURGXFHG IRU WKH LQWHUQDO HQHUJ\ WKH NLQHWLF HQHUJ\ DQG WKH H[WHUQDO ZRUN RI WKH FRQWLQXXP VXEGRPDLQ
UHVSHFWLYHO\ $OO RI WKH IXQFWLRQV YHULI\ WKH IROORZLQJ
f(x) : Ω → [0, 1]
x →
⎧⎨
⎩
1 in ΩC\ΩO
[0, 1] in ΩC ∩ ΩO
0 otherwise

0 -HEDKL HW DO | <RXQJ ,QYHVWLJDWRUV &RQIHUHQFH  
)LJXUH  'HQVLI FDWLRQ PRGHO
)LJXUH  ,QGHQWDWLRQ SULQW FRPSDUHG ZLWK H[SHULPHQWDO UHVXOW >"@
,Q D FRPSOHPHQWDU\ PDQQHU WKH LQWHUQDO HQHUJ\ WKH NLQHWLF HQHUJ\ DQG WKH H[WHUQDO ZRUN RI WKH GLVFUHWH
VXEGRPDLQ DUH ZHLJKWHG E\ α¯(x) = 1− α(x) β¯(x) = 1− β(x) DQG γ¯(x) = 1− γ(x) UHVSHFWLYHO\
7KLV FRXSOLQJ DSSURDFK LQYROYHV VHYHUDO FRXSOLQJ SDUDPHWHUV ZKLFK PXVW EH FDUHIXOO\ VWXGLHG WR HQVXUH D FRUUHFW
ZDYH SURSDJDWLRQ EHWZHHQ WKH FRQWLQXXP DQG GLVFUHWH PRGHOV $ FRPSOHWH VWXG\ FDQ EH IRXQG LQ 5HIHUHQFH >@
 6,/,&$ */$66 02'(/,1*
7KH &1(0'(0 FRXSOLQJ PHWKRG LV DSSOLHG WR VWXG\ WKH VLOLFD JODVV UHVSRQVH XQGHU KLJK SUHVVXUHV 7KH GLVFUHWH
HOHPHQW PHWKRG LV DSSOLHG LQ WKH ]RQHV RI KLJK VWUHVV FRQFHQWUDWLRQ DQG WKH FRQWLQXXP PHWKRG &1(0 LV DSSOLHG
LQ WKH UHVW RI WKH VWXGLHG GRPDLQ %HFDXVH WKH &1(0 GRPDLQ LV IDU IURP WKH KLJK ORDGHG ]RQHV RQO\ WKH HODVWLF
EHKDYLRU LV PRGHOHG LQ WKLV VXEGRPDLQ :KHUHDV D QHZ PRGHO WDNLQJ LQWR DFFRXQW WKH SHUPDQHQW GHIRUPDWLRQ DQG
WKH IUDFWXUH RI VLOLFD JODVV LV DSSOLHG LQ WKH '(0 VXEGRPDLQ 7KLV PRGHO ZKLFK LV GHYHORSHG LQ WKLV ZRUN LV EULHI \
UHYLHZHG KHUH $ ³VSULQJVOLGHU´ V\VWHP LV FRQQHFWHG LQ VHULHV ZLWK HDFK FRKHVLYH EHDP OLQNLQJ WZR SDUWLFOHV DV
VKRZQ LQ )LJXUH  :KHQ WKH FRPSUHVVLRQ VWUHVV LQ WKH DVVRFLDWHG EHDP σcbeam UHDFKHV WKH PLFURVFRSLF GHQVLI FDWLRQ
WKUHVKROG σdμ WKH VOLGHU DFWLYDWHV DQG WKH GHQVLI FDWLRQ PHFKDQLVP WDNHV SODFH 7KH GHQVLI FDWLRQ OHYHO EH\RQG σdμ
LV FRQWUROOHG E\ WKH PLFURVFRSLF WDQJHQWLDO PRGXOXVEtμ ZKLFK LV DGMXVWDEOH )LQDOO\ WR PRGHO WKH VDWXUDWLRQ VWDJH
WKH VOLGHU VWRSV VOLSSLQJ DERYH D FHUWDLQ OLPLW FRQWUROOHG E\ WKH PD[LPXP PLFURVFRSLF SHUPDQHQW GHIRUPDWLRQ RI
FRKHVLYH ERQGV εpmaxμ  7R PRGHO WKH IUDFWXUH D QHZ FULWHULRQ EDVHG RQ WKH FRPSXWDWLRQ RI DQ HTXLYDOHQW RI &DXFK\
VWUHVV LQ HDFK GLVFUHWH HOHPHQW LV XVHG >@ :KHQ WKH K\GURVWDWLF SUHVVXUH H[FHHGV D EUHDNLQJ OLPLW GHWHUPLQHG E\
FDOLEUDWLRQ WKH GLVFUHWH HOHPHQW LQ TXHVWLRQ UHOHDVHV IURP LWV QHLJKERUV )RU PRUH GHWDLOV WKH UHDGHU FDQ UHIHU WR
> @
 $33/,&$7,216
7KLV PHWKRG LV DSSOLHG WR VWXG\ WKH VLOLFD JODVV UHVSRQVH XQGHU KLJK SUHVVXUHV ,Q WKLV VHFWLRQ WKH 9LFNHUV LQGHQWDWLRQ
LQ VLOLFD JODVV LV EULHI \ UHYLHZHG ,Q WKH FDVH RI ORZ LQGHQWDWLRQ IRUFH Findent = 500mN  WKH UHVSRQVH RI VLOLFD
JODVV LV FKDUDFWHUL]HG E\ WKH DEVHQFH RI IUDFWXUH DQG RQO\ SHUPDQHQW GHIRUPDWLRQ VHW XS )LJXUH  SUHVHQWV WKH
LQGHQWDWLRQ SULQW FRPSDUHG ZLWK H[SHULPHQWDO UHVXOW >@ :KHQ KLJK LQGHQWDWLRQ IRUFH LV DSSOLHG VLOLFD JODVV KDV D
VWURQJ WHQGHQF\ WR IRUP D FRQH FUDFN HYHQ ZKHQ LQGHQWHG ZLWK D 9LFNHUV WLS %HFDXVH RI LWV LPSRUWDQW GHQVLI FDWLRQ
EHKDYLRU D VSKHULFDO GHQVLI HG ]RQH LV IRUPHG EHQHDWK WKH 9LFNHUV LQGHQWHU ZKLFK LQ WXUQ RSHUDWHV DV D VSKHULFDO
LQGHQWHU VR WKDW D FRQH FUDFN LV VHW XS WKDW FDQ DFFRPSDQ\ PHGLDQ UDGLDO DQG ODWHUDO FUDFNV )LJXUH  SUHVHQWV
WKH QXPHULFDO FUDFNLQJ UHVSRQVH RI VLOLFD JODVV LQGHQWHG ZLWK D 9LFNHUV WLS DW WKH EHJLQQLQJ RI IUDFWXUH EHIRUH WKH
FUDFNLQJ EHFRPHV XQVWDEOH ,Q WKLV I JXUH RQO\ WKH GLVFUHWH HOHPHQWV ZKHUH WKH IUDFWXULQJ FULWHULRQ LV UHDFKHG DUH
VKRZQ
 0 -HEDKL HW DO | <RXQJ ,QYHVWLJDWRUV &RQIHUHQFH 
)LJXUH  &UDFNLQJ SDWWHUQ RI VLOLFD JODVV LQGHQWHG ZLWK D 9LFNHUV WLS
 &21&/86,216
$ QHZ ' FRXSOLQJ PHWKRG EDVHG RQ WKH $UOHTXLQ DSSURDFK DGDSWHG IRU G\QDPLF VLPXODWLRQV LV GHYHORSHG LQ WKLV
SDSHU  $IWHU VWXG\LQJ LWV GLIIHUHQW FRXSOLQJ SDUDPHWHUV WKLV PHWKRG LV DSSOLHG WR VWXG\ WKH VLOLFD JODVV EHKDYLRU
XQGHU KLJK SUHVVXUHV 7KH I UVW DSSOLFDWLRQ SUHIRUPHG LQ WKLV ZRUN LV WKH 9LFNHUV LQGHQWDWLRQ *RRG QXPHULFDO
UHVXOWV DUH REWDLQHG LQ WKLV DSSOLFDWLRQ ZKLFK FRPSDUH IDYRUDO\ ZLWK H[SHULPHQWDO RQHV $QRWKHU DSSOLFDWLRQ ZKLFK
LV FXUUHQWO\ XQGHU ZD\ FRQFHUQV WKH ODVHULQGXFHG GDPDJH LQ VLOLFD JODVV
5()(5(1&(6
>@ + -L0HFDQLTXH HW SK\VLTXH GH O¶LQGHQWDWLRQ GX YHUUH 3K' WKHVLV 8QLYHUVLWH GH 5HQQHV  
>@ ' $QGUH , ,RUGDQRII - &KDUOHV - 1HDXSRUW 'LVFUHWH HOHPHQW PHWKRG WR VLPXODWH FRQWLQXRXV PDWHULDO E\ XVLQJ WKH
FRKHVLYH EHDP PRGHO &RPSXWHU 0HWKRGV LQ $SSOLHG 0HFKDQLFV DQG (QJLQHHULQJ   ±
>@ ' $QGUH 0 -HEDKL , ,RUGDQRII - / &KDUOHV - 1HDXSRUW 'LVFUHWH HOHPHQW PHWKRG WR VLPXODWH EULWWOH IUDFWXUH $SSOL
FDWLRQ RQ VLOLFD JODVV LQGHQWDWLRQ IUDFWXUH ZLWK EOXQW LQGHQWRU 6XEPLWWHG
>@ 0 -HEDKL - &KDUOHV ) 'DX / ,OORXO , ,RUGDQRII ' FRXSOLQJ DSSURDFK EHWZHHQ GLVFUHWH DQG FRQWLQXXP PRGHOV IRU
G\QDPLF VLPXODWLRQV '(0&1(0 &RPSXWHU 0HWKRGV LQ $SSOLHG 0HFKDQLFV DQG (QJLQHHULQJ   ±
>@ 0 -HEDKL ' $QGUH ) 'DX - &KDUOHV , ,RUGDQRII 6LPXODWLRQ RI GHQVLI FDWLRQ DQG FUDFNLQJ EHKDYLRU RI VLOLFD JODVV
LQGHQWHG ZLWK 9LFNHUV WLS E\ WKH GLVFUHWH HOHPHQW PHWKRGVXEPLWWHG
>@ + %HQ 'KLD * 5DWHDX 7KH DUOHTXLQ PHWKRG DV D I H[LEOH HQJLQHHULQJ GHVLJQ WRRO ,QWHUQDWLRQDO MRXUQDO IRU QXPHULFDO
PHWKRGV LQ HQJLQHHULQJ   ±
>@ ) &KLQHVWD ( &XHWR 6 &HVFRWWR 3 /RURQJ 1DWXUDO HOHPHQW PHWKRG IRU WKH VLPXODWLRQ RI VWUXFWXUHV DQG SURFHVVHV ,67(
/WG  -RKQ :LOH\	6RQV 
